We study the multiuser diversity in both multiple-access channel (MAC) and broadcast channel (BC) in multiple-input multiple-output (MIMO) systems, where more than one users are communicating with the base station simultaneously. We consider multi-user scheduling with linear receivers for uplink MIMO MAC and linear precoders for downlink MIMO BC. In each time slot, a group of users is selected for either transmission or reception. A selection criterion is presented to optimise the detection signal-to-noise ratio. We show that the linear processings achieve asymptotically the same detection signal-to-noise ratio for downlink and uplink. This makes it convenient to use a single scheduling algorithm in both downlink and uplink. Furthermore, we present a performance analysis of the proposed scheduling algorithm. Both the analysis and simulations have shown that the scheduling algorithm can provide a significant gain in capacity and error performance for both MIMO BC and MIMO MAC with linear processing.
Introduction
Diversity techniques are widely used in wireless communication to combat multi-path fading. In a point-to-point link, diversity is achieved by creating an extra independent path between the transmitter and the receiver mostly in space, time or frequency domain. In a multiuser system, a new type of diversity technique, multiuser diversity, is introduced to explore the advantage of the independent fading between different users [1, 2] . An example of the multiuser diversity scheme is the one where the user with the best channel is scheduled to use the channel resources. In this case, multiuser diversity is regarded as a selective diversity technique in the space domain.
The work in [1] and [2] explored the application of multiuser diversity to the system where both the base station and the mobile users are equipped with only one antenna and only one user is in transmission or reception. Such a system is referred to as the single-input single-output (SISO) multiuser system. In this case, the channel quality can be measured easily by the signal-to-noise ratio (SNR). Significant performance improvement was achieved by employing the multiuser diversity.
Alternatively, there has been considerable research attention in multiple-input multiple-output (MIMO) systems, which have been shown to be able to achieve very high data rates over wireless links. The single-user MIMO systems have been studied intensively in both theory and implementation [3, 4] . Recently, the information-theoretic interest in MIMO has shifted partly from single-user links to multiuser links, or the so called uplink multiple-access channel (MAC) and downlink broadcast channel (BC). The capacity and optimal encoding and decoding strategy of MIMO MAC have been well-known. For the downlink, the sum capacity of MIMO BC has been obtained in [5] [6] [7] [8] , which have shown that the sum capacity of MIMO BC grows linearly with the minimum of the number of transmitter antennas and the number of total receiver antennas at all active users. In [9] , it is shown that the dirty paper coding rate region is equal to the capacity region of the Gaussian MIMO BC.
The application of multiuser diversity and scheduling was also extended to multiuser MIMO systems. In [10] , a concept of opportunistic beamforming is introduced, which utilises multiple transmitter antennas and beamforming at the base station to create randomness in the environments with little scattering and/or slow fading in order to explore the multiuser diversity. Resources are allocated to only one user who has the best equivalent channel created by the multiple antennas and beamforming. In [11] , a random beamforming technique was proposed for downlink MIMO system. The best single user is selected in communication based on the limited feedback information from the users. By exploiting the multiuser diversity, this technique can achieve a capacity that is matchable to the optimal eigen beamforming, in which perfect CSIs have to be fed back to the transmitter. In [12] , the authors studied multiuser diversity gain by selecting a single user or selecting multiple users simultaneously communicating in downlink. However, no precoder is considered at the transmitter. The data of the selected user(s) is multiplexed to the antennas for transmission. Each user is equipped with a linear receiver, which can detect the transmitted data for all users. In order to receive the data properly, each user has to be equipped with at least the same number of antennas as the transmitter. In [13] , the application of multiuser diversity on top of the zero-forcing dirty paper (ZF-DP) coding for vector broadcast channel is investigated. ZF-DP was first proposed in [5] . It is a precoding technique based on QR decomposition and known interference precancellation. It is shown in [13] that a very high sum rate, which is approaching the Sato bound [14] , can be obtained by exploiting the multiuser diversity based on ZF-DP.
In this paper, we study the multiuser diversity in both MIMO MAC and MIMO BC, where more than one users are communicating with the base station simultaneously. We consider linear receivers for uplink MIMO MAC and linear precoders for downlink MIMO BC for their simplicity in implementation. In a given time slot, a group of users is selected in either transmission or reception to optimise the performance. Unlike in the SISO case, where the throughput and detection error probability are simply determined by SNR, the throughput and error performance in the MIMO scenario depend on the structure of the channel matrix. We propose to use the smallest singular value of the multiuser channel matrix as the measure of the channel quality. Similar method has been applied in antenna selection of single user MIMO systems [15] . The users, whose corresponding channel sub-matrix has the maximum smallest singular value, are activated in communication. We show that the linear processing for downlink and uplink can achieve asymptotically identical detection SNR. This makes it convenient to use a single scheduling algorithm in both downlink and uplink. With the scheduling algorithm, the detection SNR of the downlink and uplink systems is a function of the maximum smallest singular value of all possible channel sub-matrices. We present an approximation of the probability density function ( pdf) of the maximum smallest singular value, since the explicit solution seems intractable. Based on the approximate distribution, the symbol error performance of the proposed selection scheme is analysed. It is shown that the analysis results agree with the simulation results. Furthermore, we also show that the proposed scheduling algorithm is able to provide a significant gain in capacity and error performance for both MIMO BC and MIMO MAC with linear processing relative to the systems without user selection.
The rest of this paper is organised as follows. In Section 2, the system model is presented. In Section 3, the linear precoder for downlink and the linear receiver for uplink are introduced. The scheduling algorithm is given in Section 4 and this is followed by the performance analysis of the multiuser selection scheme. Numerical results are shown in Section 6 and finally we give the conclusions.
System model
The following notations are used throughout the paper: boldface letters denote matrices and vectors; The superscripts T and * denote the transpose and conjugate operations, respectively, and superscript H denotes the transpose conjugate. Superscript w denotes pseudo-random inversion. Subscripts d and u denote downlink and uplink, respectively; tr(A) denotes the trace of matrix A; detA denotes the determinant of A. kAk denotes the Frobeniusnorm of A; ½A ij denotes the (i, j)th element of A, I denotes the identity matrix and CN(a, b) stands for complex Gaussian distribution with mean a and variance b.
We consider a MIMO multiple-access (uplink) and broadcast (downlink) channel with a single base station or access point equipped with M antennas, and K T users each with N antenna. For the sake of simplicity, we only consider the analysis of N ¼ 1 in this paper. In this case, the multiterminal communication system can be represented as a MIMO system. The communication channel between each pair of transmit and receive antennas is modelled as independent slowly time varying flat Rayleigh fading channel. Multi-user scheduling is investigated in this paper. In particular, at any time slot, only K ðK MÞ out of K T users are active for transmission or reception. It is well known that linear processing in under-saturated systems, i.e. KoM, can provide a diversity gain at the cost of throughput. Since multi-user scheduling can take the advantage of multi-user diversity, it is unnecessary to trade throughput for extra antenna diversity. Therefore, in this paper, we will focus on saturated systems, i.e. K ¼ M. In the analysis, we assume that channel state information is available at the base station for both downlink and uplink. In a given time slot, a group of active users is chosen to optimise the detection SNR based on the channel state information. The indexes of the selected active users form a subset s. All possible choices of s form a set S, which has T S ¼ ðK T =KÞ elements.
In the downlink, the base station transmits independent information to each user. Let y k d be the received signal at user k. The received signal can be expressed as
where The broadcast channel basically models a one-to many communication system. For a single-input/single-output system, a Gaussian noise broadcast channel can be regarded as a degraded broadcast channel, since the users can be ordered in terms of their channel strength. However, the MIMO BC is non-degraded because the vector channels cannot be ordered in general. In addition, it is important to note that the main difference between the MIMO BC (or MIMO MAC) and a general MIMO system is that in MIMO BC (or MIMO MAC), antennas between different mobile terminals cannot cooperate.
We define an uplink that is symmetrical to the downlink in (1) . The antennas at the base station become receiver antennas, while the user antennas become transmitter antennas. Signals transmitted from the users to the base station in the uplink undergo the same fading as in downlink, that is H u ¼ H 3 Linear receivers and precoders
Linear receivers in uplink
Let us first consider the uplink MIMO MAC system, where the received signal y u is given in (2) . We assume that the transmitted powers of all users are equal. At the base station, an equalisation matrix F is applied to the received signal y u to get an estimate of x u aŝ
The equaliser can be designed based on the zero forcing (ZF) criterion or minimum mean-square error (MMSE) criterion. The ZF equaliser matrix is given by
For the MMSE equaliser, the equaliser matrix F is given by
Let us derive the detection SNR for the linear receivers in uplink. Substituting (4) into (3), we obtain the estimated symbols after the ZF receiver, which can be written aŝ
The noise power of the kth user, denoted by NP k u , is given by
Therefore the detection SNR for the kth user can be expressed as
Let us define
Since the entries of H u are zeromean unit-variance complex Gaussian random variables, W u is a complex Wishart matrix. Now (8) can be rewritten as [16] 
where W u;kk denotes the minor of ½W u kk and W sc u;kk denotes the Schur complement of W u;kk . Since det W sc u;kk has a chisquare distribution with 2ðM À K þ 1Þ degrees of freedom, the detection SNRs of all users have the same distribution. The probability density function of the detection SNR, denoted by r u , can be expressed as [16] 
When M ¼ K, (10) can be simplified as
Since the ZF and MMSE solutions converge at high SNRs, the detection SNR of the ZF receiver can be regarded as a lower bound of the detection SNR of linear MMSE receivers.
Linear precoders in downlink
In the downlink MIMO BC, let us define the information symbol vector as s d ¼ ½s 
It is obvious from (12) that y d can be used directly as the estimated information symbol
The precoder can be designed based on the ZF or MMSE criterion. For the ZF precoder, we have the precoder matrix
while for the MMSE precoder, the precoder matrix is given by
Likewise, in the uplink, the detection SNR of the ZF precoder can be used as the lower bound of the detection SNR of the linear MMSE precoders. Substituting (13) into (12), we get the estimate of the information symbols at the receiver side in a downlink ZF precoded system
The detection SNR of the kth user is given by From (18), we can obtain the probability density function of the detection SNR, When M ¼ K, (19) 
By using the large K approximation
we can rewrite (20) as follows
Comparing (22) with (11), we have
Therefore we can say that the detection SNRs in downlink and uplink with ZF processing have asymptotically identical distribution for large systems.
Scheduling algorithm
In the previous Section, it has been shown that the linear processing for downlink and uplink can achieve an asymptotically identical detection SNR. Therefore, we can use a single scheduling algorithm in both downlink and uplink to select an active user subset. In the following, we will focus on the analysis of the uplink ZF receiver to present a scheduling algorithm, which is applicable to all linear processing in both downlink and uplink.
In the uplink MIMO MAC with ZF receiver, the detection SNRs of all users have the same distribution in Rayleigh fading channels. However, for a instantaneous channel realisation, the detection SNRs of the users are different. The symbol error rate (SER) of the ZF receiver, conditioned on the channel matrix H, can be computed as [18] 
where c 2 min is the minimum-squared Euclidean distance in the modulation constellation, N e is the average number of nearest neighbours of the constellation with the same minimum squared. Euclidean distance, and Q(x) is the Q function, given by
Using the upper bound QðxÞ expðÀx 2 =2Þ, for x ! 0, we have
Let us define SNR min u as the minimum SNR among all K users in the uplink. It has been shown in [15, 19] 
It is clear from (26) that the smallest singular value of the MIMO channel matrix can be used to measure the quality of the channel. This is reasonable because the smallest singular value describes the singularity and invertibility of a channel matrix, which is important for linear processing in both uplink and downlink. Based on the above analysis, we can formulate a multiuser scheduling strategy in a MIMO system as follows: among all available K T users, choose a subset of K users whose corresponding channel sub-matrix has the maximum smallest singular value.
Error performance analysis
In this Section, we present the SER performance analysis of the proposed multiuser scheduling algorithm and show the diversity gain provided by multiuser scheduling.
By applying the scheduling algorithm proposed above, the performance of the system is a function of the maximum smallest singular value of all possible channel sub-matrices. From (26), the upper bound on the average SER can be calculated as
where E denotes expectation with respect to the channel matrix H u . Let us denote H u;s the channel between the selected user subset s and M antennas at the base station. 
From (28), we can see that in order to obtain an average SER, one needs to average the conditional SER over the distribution of the maximum smallest singular value m. However, this is not a trivial task. Since different submatrices H u;s may share some common elements, their corresponding smallest singular values l min;s are not independent. In this case, to get the average SER, the joint distribution of l min;s for all possible s 2 S is required. Considering that the smallest singular values are complicated nonlinear functions of the shared elements of the submatrices, the joint distribution of l min;s , s 2 S and therefore the distribution of the maximum smallest singular value appear to be intractable. Since the explicit solution is unlikely, we present an approximation of the pdf of the maximum smallest singular value. Let us consider two extreme cases in which K ¼ K T and K ¼ 1. Note that K ¼ K T refers to no user selection and no diversity advantage is achieved at the linear receiver in this case. Alternatively, K ¼ 1 refers to only one user being selected at each time and it can provide K T orders of diversity, according to [1] . When 1oKoK T although there are ðK T =KÞ possible choices, most of them are not independent. It is difficult to find the density of m. However, it is possible to find the density of the maximum squared norm of all possible channel sub-matrices, which is denoted as m 0 ¼ max
It is shown in [20] that m 0 is a random variable with 2ðK T Â KÞ degrees of freedom, while the squared norm of an individual sub-matrix is a random variable with 2ðK Â KÞ degree of freedom. This indicates that by introducing ðK T À KÞ more users for selection, the user selection can provide extra 2ðK T À KÞ degrees of freedom.
Since the smallest singular value of an individual sub-matrix is a random variable with only 2 degrees of freedom [21] , we may infer that after the user selection, the maximum smallest singular value m is a random variable with 2 þ 2ðK T À KÞ degrees of freedom. Motivated by the above discussion, we propose to use a generalised Gamma distribution with shape parameter g ¼ K T À K þ 1 to approximate the pdf of the maximum smallest singular value m. That is f m ðmÞ ffi ðmÞ
where b is the scale parameter and GðgÞ is the Gamma function, which has the formula 
where a K is a constant for a fixed K T . From Fig. 2 , it is clear that m increases logarithmically with K T for large values of K T . Alternatively, m decreases with the increasing of K for a given K T . Considering (25), we can infer that the SNR of each user increases at least logarithmically as the total number of users increasing. However, the more users being chosen active, the poorer performance of each user.
The logarithmically increasing of the expected value of m indicated how to determine the scale parameter b in the Gamma distribution of m. It is known that
where a and b are constants, which are determined empirically. Given the approximation of the distribution of m, now we present the SER upper bound of user selection. We introduce the following lemma to facilitate the computation of the SER upper bound. 0  0  1  2  3  4  5  6  7  8  0  1  2  3  4  5  6  7 8 9 probability density function of probability density function of
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Numerical results
In this Section, we present the performance of user selection for both uplink and downlink obtained by simulation. In the following, we use (M; K, K T ) to denote a system with M base station antennas, and K active users selected from K T total available users. Figure 3 shows the sum capacity of ZF processing in both downlink and uplink with the proposed scheduling algorithm and random selection for a (4; 4, 7) system. In the random selection scheme, 4 out of 7 users are selected to communicate with the base station randomly and no multiuser diversity is exploited. First we can see that the ZF precoder in downlink and the ZF receiver in uplink achieve the same sum capacity for both the proposed scheduling algorithm and random selection, which coincides with our analysis in Section 4. The sum capacity of the ZF-DP in MIMO BC with random selection and ordering is also depicted in Fig. 3 for comparison. The ZF-DP precoder is shown to be able to achieve a large proportion of the sum capacity of MIMO BC [5] . The equations of the sum capacity of the ZF and ZF-DP precoder in MIMO BC are given in [5] . It can be seen in Fig. 3 that, with 3 more users to choose from, the proposed scheduling algorithm enables the simple ZF processing to achieve comparable sum capacity as the ZF-DP with random selection. We can also observe a significant gain (44 dB) of the proposed method over the random selection for ZF processing when SNR r Z 10 dB.
The sum capacity against total number of users K T for downlink ZF receiver is plotted in Fig. 4 . We can see that a large proportion of the multiuser selection gain can be obtained by selecting over a small set of users. For example, at the SNR of 10 dB, a (4; 4, 12) system with the proposed scheduling algorithm can double the capacity of the (4; 4, 4) system without user selection. At the SNR of 0 dB, a (2; 2, 20) system can triple the capacity of a (2; 2, 2) system without user selection.
The SER performance of the proposed system over flat Rayleigh fading is also simulated. In the simulation, the channel fading coefficients are constant over a frame of 100 symbols and changed independently from frame to frame.
The SER performance of a (2; 2, 3) system is shown in Fig. 5 . QPSK modulation is adopted in the simulation. We can observe that the ZF and MMSE linear precoders in downlink achieve the same performance as the corresponding linear receivers in uplink. In addition, we can see that the MMSE precoder or receiver is only slightly better than the ZF precoder or receiver. This is because that the diversity gain dominates the error performance and both the ZF and the MMSE process achieve the same diversity order. The figure also shows that the upper bound we derived in Section 5 is tight at high SNRs. The performance of a (3; 2, 2) baseline system with a ZF equaliser for uplink and no user selection is also depicted in Fig. 5 . It is well known that the (3; 2, 2) system enjoys a diversity gain of two. From Fig. 5 , we can see that the error performance curve of the (2; 2, 3) system is parallel to that of the (3; 2, 2) system, which indicates that the two systems have the same diversity of 2. Performance evaluation was also conducted for other ðK;K; K þ 1Þ systems with large values of K. In general, with K users selected from K þ 1 users, a diversity order of two can be achieved for MIMO MAC and MIMO BC with the linear receiver and precoder.
The performance of a (4; 4, 6) system with various precoders and receivers is illustrated in Fig. 6 . Similar observations can be made as for Fig. 5 except that a diversity order of three is obtained by the (4; 4, 6) system.
It is interesting to note that in this paper, we mainly focus on the analysis of the system where each user has only one antenna for its simplicity. In the case of users with more than one antenna at the mobile terminal, one may treat different antennas as different users and the analysis can be applied straightforwardly.
In addition, we would like to point out that, similar to all closed-loop communications systems with feedback, the error performance of the proposed schemes strongly depends on the accuracy of the channel state information. The inaccurate estimation of the channel information may degrade the system performance. The effect of imperfect 10 0 SNR, dB symbol error probability channel state information on the proposed scheme is evaluated by simulation. In the simulation, at the beginning of each frame, M or multiples of M pilot symbols are sent from M transmit antennas. The receiver can estimates the channel fading coefficients based on the pilot symbols. For a (2; 2, 3) system, we used pilot sequences of length of 4 or 8 symbols. The results show that owing to imperfect channel estimation, the error performance is degraded by about 1 dB compared to the case of ideal channel state information. In addition, we also observe that the degradation is more significant for a system with a large number of antennas.
Conclusion
We studied the multiuser diversity in both MIMO MAC and MIMO BC, where more than one users are communicating with the base station simultaneously. We considered linear receivers for uplink and linear precoders for downlink for their simplicity in implementation. In a given time slot, a group of users is selected in either transmission or reception to optimise the detection SNR. Unlike in the SISO case, where the throughput is simply determined by SNR, the throughput in the MIMO scenario depends on the structure of the channel matrix. We proposed to use the smallest singular value of the multi-user channel matrix as the measure of the channel quality. Based on the performance analysis, a criterion of selecting the active users is presented to optimise the detection SNR. It is shown that the linear processing for downlink and uplink has asymptotically identical detection SNR. This makes it convenient to use a single scheduling algorithm in both downlink and uplink. The scheduling strategy is to choose the subset of users, whose corresponding channel submatrix has the maximum smallest singular value. We show that the probability density of the maximum smallest singular value can be approximated by a generalised Gamma distribution. Based on the approximate distribution, we present an upper bound of the average error performance of the system. The performance of the systems is also evaluated by simulations. We show that the analytical results have a good match with the simulations.
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